Received: November 18, 1999, Accepted: December 1, 1999

HYPER VERSION

Charged macroscopic type-II strings and their networks

Alok Kumar

Theory Division, CERN, CH-1211, Geneva 23, Switzerland Institute of Physics, Bhubaneswar 751 005, India E-mail: Alok.Kumar@cern.ch

Abstract: We write down charged macroscopic string solutions in type II string theories, compactified on tori, and present an explicit solution of the spinor Killing equations to show that they preserve 1/2 of the type II supersymmetries. The S-duality symmetry of the type IIB string theory in ten-dimensions is used to write down the SL(2, Z) multiplets of such strings and the corresponding 1/2 supersymmetry conditions. Finally we present examples of planar string networks, using charged macroscopic (p, q)-strings. An interesting feature of some of these networks, which preserve 1/4 supersymmetry, is a required alignment among three parameters, namely the orientation of strings, a U(1) phase associated with the maximal compact subgroup of SL(2, Z), and an (angular) parameter associated with a solution generating transformation, which is responsible for creating charges and currents on the strings.

Keywords: Superstrings and Heterotic Strings, String Duality, Superstring Vacua.

Contents

1. Introduction 1

2. Killing spinors for a charged macroscopic string in D ≤ 9 4 2.1 Bosonic backgrounds 4 2.2 Killing equations 7 2.3 Killing spinors 11 2.4 D < 9 solutions 13

3. Supersymmetry of α, β ≠ 0 Solutions 13 3.1 α = −β ≠ 0 solutions 14 3.2 α = β solutions 16

4. SL(2, Z)-Multiplets and network Solutions 17 4.1 (p, q) charged macroscopic string solutions 17 4.2 Supersymmetry 18 4.3 Network solutions 19

5. Conclusions 21

1. Introduction

The study of macroscopic string solutions [1, 2, 3, 4] has been of importance in the last decade in several contexts, such as in black-hole physics [5], strong/weak duality applications [6, 3, 7, 8] etc. In the context of duality, they have been crucial in establishing several such symmetries of string theories. Prominent among these are the SL(2, Z) duality [8] symmetries of the type-IIB string theory in ten dimensions and a string-string duality between the type IIA compactification on K3 and heterotic string compactification on T^4 [6, 3, 7]. The support for the later conjecture involved the construcation of certain BPS solutions carrying (1-form) gauge field charges. Such solutions for K3 compactified type-IIA theory were obtained using Charged Macrscopic String solutions of the heterotic strings with 1/2 supersymmetry [3] and then by mapping them to the type-II strings. In the former case, howerver, only a neutral string solution was needed, as type-IIB in ten dimensions does not have any 1-form gauge potential. A full duality multiplet of such neutral string solutions and the corresponding duality covaraint string tensions were also obtained in [8]. More recently, SL(2, Z) as well as other U-duality multiplets of neutral string solutions have been used in constructing their networks with 1/4 [9], 1/8 [10] and lower supersymmetries in type-II theories. They are also expected to provide further confirmations of the duality conjectures.

The network solutions [9]–[22] of type-II strings have also found their applications elsewhere, namely in providing nonperturbative symmetry enhancements in orientifold models to show their matching with the F-theory predictions [19]. In addition, strings and networks which end on D3-branes have found a wide application in 4-dimensional gauge [20, 23, 21] and other world-volume theories [24].

The focus of attention in this paper are the Charged Macroscopic String solutions [2, 3] and their networks. As stated earlier, these solutions have been used earlier for constructing the soliton multiplets in type II string compactification on K3 in order to provide support for their duality conjecture with the heterotic theory on T^4. In this paper, howerver, we will concentrate on such solutions in type-II theories, when they are compactified on tori. As a result, a verification of supersymmetry requires an analysis of additional Killing equations than the ones which are present in the heterotic strings, namely one has to examine the supersymmetry conditions for the spinors arising from both the left and the right-moving sectors of the type-II theories. In this paper we perform this analysis explicitly for a class of such Charged Macroscopic String solutions which are analogous to the heterotic solutions presented in [2]. We also write down explicit supersymmetry conditions for several other class of examples in [3].

The Charged Macroscopic String solutions are generated from the neutral ones by a solution generating transformation and are in general parameterized by a group O(d − 1, 1; d − 1, 1), arising out of one time and d − 1 spatial translational isometries of the solution. These parameters also appear in the Charged Macroscopic String solutions. In particular, the solutions in [3] are characterized by two nontrivial O(d−1, 1; d−1, 1) parameters α and β, which apply boost between the time direction and an internal direction in the left and the right-moving sectors respectively. The solutions of [2], which we use to explicitly show the 1/2 supersymmetric nature of these solutions in section 2 correspond to β = 0, but α ≠ 0. Our analysis then suggests that general solutions (α ≠ 0, β ≠ 0) also preserve 1/2 supersymmetry.

Our results show that O(d − 1, 1; d − 1, 1) transformations parameterized by α and β change the Killing equations in a nontrivial way. As a result, the supersymmetry conditions and the form of the Killing spinors is also modified. However both the supersymmetry conditions and the Killing spinors for the charged string can be generated from those for the neutral ones by lorentzian tranformations. The parameters of these Lorentz transformations turn out to be local, having a coordinate dependence on the transverse radius. The experience gained from this analysis (for β = 0 ) can in fact be used to write down the supersymmetry condition for other solutions characterized by parameters α and β. In view of our future application, in section 3 we confirm the 1/2 supersymmetry property of α = β and α = −β solutions by examining the consistency of the dilatino supersymmetry variation for the charged macroscopic string background. We also show that one of the above solutions, namely α = −β, when decompactified to ten dimensions, is related to the neutral string solutions by a constant coordinate transformation. This is not surprising, as O(d, d) group is known to contain a GL(d) subgroup of constant coordinate transformations. The other possibility, namely α = β that we have analyzed is an inequivalent solution even in ten-dimensional sense. This can be verified from the expression for the dilaton, which is now different from the one for the neutral string. However we like to point out that even α = −β solutions are in fact physically different in the compactified theory and represent genuine charged strings in D ≤ 9.

We then use the SL(2, Z) duality symmetries of the type-IIB theories in ten dimensions to generate general (p, q)-charged macroscopic string solutions from the (1, 0) or elementary-string solution discussed above. In particular we show that the supersymmetry conditions for both α = ±β ≠ 0 soultions are of a form which allow the constructon of string networks preserving 1/4 supersymmetry. This is not surprising for the α = −β solution for the reason already stated in the last paragraph. As a result, the 1/4 supersymmetry of these networks already follows from that of the netutral planar string networks that exist in various dimensions. In this case, we find that the internal tori do not play any significant role and the string networks can be constructed by aligning the orinetation of the (p, q)-string, in a plane, with respect to a phase associated with the transformation of spinors under the SL(2, Z) duality symmetry transformation.

The charged string solutions with α = β turn out to be more interesting from the supersymmetry point of view for the construction of networks. We find that in this case a network construction, preserving certain supersymmetry, requires not only an alignment between the two angles discussed above, but in addition, one has to further align them with an angle coming from the soultion generating parameter. In our examples, in section 4.3, these strings carry not only the 2-form charges parameterized by integers (p, q) and moduli τ, but also by gauge charges characterized by a 2-dimensional unit vector n̂. Physically, this alignment therefore implies a coupling between the SL(2) charges with that of the gauge charges and also a relationship between their conservation laws.

The outline of the paper is as following. In section 2 we write down the general charged string solution in arbitrary dimensions. Then to work out the supersymmetry, we restrict to a specific case, namely β = 0 and present the Killing spinors for this example. Although our analysis is performed specifically in 9-dimensions, we present the generalizations of the results to other lower dimensions as well. In section 3 of the paper, we write down explicit supersymmetry conditions for α = β ≠ 0 and α = −β ≠ 0. Once again we show that our background fields satisfy a nontrivial condition required for the consistency of these spinor equations. Again the derivations are given explicitly in 9-dimensions and then generalized to the lower ones. In section 4, following [8], we also write the SL(2, Z) multiplets of the charged macroscopic strings and show the existence of network solutions for the examples worked out in section 3. This is done by demonstrating the existence of a unique spinor at aymptotic infinity, satisfying the supersymmetry conditions for arbitrary number of (p, q)-strings, provided the alignments we referred previously, also hold. Discussions and conclusions are presented in section 5.

2. Killing spinors for a charged macroscopic string in D ≤ 9

2.1 Bosonic backgrounds

We start by writing down the bosonic backgrounds associated with the Charged Macroscopic strings in space-time dimensions D. They have been obtained from similar solutions for the heterotic strings [3], by turning off the sixteen gauge fields associated with the right-moving, bosonic sector. This is possible since this sector of the heterotic string is identical to the NS-NS sector of type-II theories in ten dimensions. The solution is given by,

ds^2 = r^{D−4}Δ^{−1} [ −(r^{D−4} + C)dt^2 + C(cosh α − cosh β)dtdx^{D−1} +

+ (r^{D−4} + C cosh α cosh β)(dx^{D−1})^2 ] +(dr^2 + r^2dΩ^2_{D−3}) , (2.1)

B_{(D−1)t} = C 2Δ (cosh α + cosh β) { r^{D−4} + 1 2 C(1 + cosh α cosh β) } , (2.2)

e^{−Φ} =

Δ^{1/2} r^{D−4} , (2.3)

A^{(a)}_t = − n^{(a)} 2 √ 2Δ C sinh α { r^{D−4} cosh β + 1 2 C(cosh α + cosh β) }

for 1 ≤ a ≤ (10 − D), − p^{(a−10+D)} 2 √ 2Δ C sinh β { r^{D−4} cosh α + 1 2 C(cosh α + cosh β) } for (10 − D) + 1 ≤ a ≤ (20 − 2D) ,

(2.4)

A^{(a)}_{D−1} = − n^{(a)} 2 √ 2Δ C sinh α { r^{D−4} + 1 2 C cosh β(cosh α + cosh β) } for 1 ≤ a ≤ (10 − D), p^{(a−10+D)} 2 √ 2Δ C sinh β { r^{D−4} + 1 2 C cosh α(cosh α + cosh β) }

for (10 − D) + 1 ≤ a ≤ (20 − 2D),

(2.5)

M_D = I_{20−2D} + ( P nn^T Qnp^T Qpn^T P pp^T ) , (2.6) where

Δ = r^{2(D−4)} + Cr^{D−4}(1 + cosh α cosh β) +

C^2 4 (cosh α + cosh β)^2 , (2.7) P = C^2 2Δ sinh^2 α sinh^2 β , (2.8)

Q = −CΔ^{−1} sinh α sinh β { r^{D−4} + 1 2 C(1 + cosh α cosh β) } . (2.9)

with n^{(a)}, p^{(a)} being the components of (10 − D)-dimensional unit vectors. A_μ’s in eqs. (2.4) and (2.5) are the gauge fields appearing due to the Kaluza-Klein (KK) reductions of the ten dimensional metric and the 2-form antisymmetric tensor coming from the NS-NS sector. The matrix M_D parametrizes the moduli fields. The exact form of this parametrization depends on the form of the O(10 − D, 10 − D) metric used. The above solution has been written for a diagonal metric of the form:

L_D = ( −I_{10−D} I_{10−D} ) . (2.10)

Later on, while decompactifying these backgrounds, in order to check supersymmetry, we will use the notations and conventions in [25] which uses a different form of the metric, namely: L = ( I_{10−D} I_{10−D} ) . (2.11)

These two conventions are howerver related by:

L_D = P̂ LP̂^T , M_D = P̂ MP̂^T , (2.12)

where P̂ = 1√ 2 ( −I_{10−D} I_{10−D} I_{10−D} I_{10−D} ) . (2.13)

The gauge fields in two conventions are related as: ( A^1_μ A^2_μ ) = P̂ (^ A^1_μ Â2_μ ) , (2.14)

with A^{1,2}_μ ’s in the above equation being (10 − D)-dimensional columns consisting of the gauge fields A_μ’s defined in (2.4-2.5), and coming from the left and the rightmoving sectors.

In this section we now restrict ourselves to the β = 0 solutions. These solutions are analogous to the ones written for the hetrotic strings in [2] and are given by,

ds^2 = 1 cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2

(−dt^2 + (dx^{D−1})^2) +

+ sinh^{2 α}_2 (e^{−E} − 1) (cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2 )^2

(dt + dx^{D−1})^2 + D−2∑ i=1 dx^idx^i , B_{(D−1)t} = cosh^{2 α}_2 (e^{−E} − 1) cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2 , A^{(1)}_{D−1} = A^{(1)}_t = − 1 2 √ 2 sinh α(e^{−E} − 1) cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2 , Φ = − ln ( cosh^2 α 2 e^{−E} − sinh^2 α 2 ) , (2.15)

with e^{−E} being the Green function in the D − 2 dimensional transverse space: e^{−E} = ( 1 + C r^{D−2} ) . (2.16)

and constant C determining the string tension.^1

Now, in order to understand the type-II origin of various background fields and to verify the supersymmetry of these solutions, we decompactify the above solution back to ten dimensions. The decompactification exercise is done following a set of notations given in [25]. When restricted to the NS-NS sector of type-II theories, they can be written as:

Ĝ_{ab} = G^{(10)}_{[a+(D−1),b+(D−1)]} ,

B̂_{ab} = B^{(10)}_{[a+(D−1),b+(D−1)]} ,

Â^{(a)}_{μ̄} = 1 2 Ĝ^{ab}G^{(10)}_{[b+(D−1),μ̄]} ,

Â^{(a+(10−D))} μ̄ = 1 2 B^{(10)}_{[a+(D−1),μ̄]} − B̂_{ab}A^{(b)}_{μ̄} ,

G_{μ̄ν̄} = G^{(10)}_{μ̄ν̄} − G^{(10)}_{[(a+(D−1)),μ̄]}G^{(10)}_{[(b+(D−1)),ν̄]}Ĝ^{ab} , (2.17)

B_{μ̄ν̄} = B^{(10)}_{μ̄ν̄} − 4B̂_{ab}A^{(a)}_{μ̄} A^{(b)}_{ν̄} − 2(A^{(a)}_{μ̄} A^{(a+(10−D))}_{ν̄} − A^{(a)}_{ν̄} A^{(a+(10−D))}_{μ̄} ) ,

Φ = Φ^{(10)} − 1 2 ln det Ĝ , 1 ≤ a, b ≤ 10 − D , 0 ≤ μ̄, ν̄ ≤ (D − 1) . We now start with a nine-dimensional (D = 9) solution in (2.15) and following the Kaluza-Klein (KK) compactification mechanism summarized above, write down

1There is an extra factor of 1/2 √ 2 appearing in (2.15) with respect to the one in [2]. This howerver has been taken care in [2] in the definitions of charges.

the solution directly in ten dimensions. We do this first for the D = 9 solution and later in section 2.4 generalize the results to D < 9. Only nonzero background fields are then given by

ds^2 = 1 cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2

(−dt^2 + (dx^8)^2) + sinh^{2 α}_2 (e^{−E} − 1) cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2

(dt + dx^8)^2 +

+ sinh α(e^{−E} − 1) cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2 dx^9(dt + dx^8) + 7∑ i=1 dx^idx^i + (dx^9)^2 , (2.18)

B_{8t} = cosh^{2 α}_2 (e^{−E} − 1) cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2 , B_{9t} = − sinh α 2 (e^{−E} − 1) cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2

= B_{98} . (2.19)

The dilaton in ten dimensions remains same as the one in (2.15):

ϕ^{(10)} = − ln ( cosh^2 α 2 e^{−E} − sinh^2 α 2 ) . (2.20)

Although it is already expected, we have also reconfirmed that many of the field equations in ten-dimensions are satisfied by the backgrounds in eqs. (2.18), (2.19) and (2.20).

We now study spinor Killing equatoins for type-IIB strings in ten dimensions and show that the solutions in (2.18)–(2.20) are consistent with 1/2 supersymmetry. We once again emphasize that 1/2 supersymmetry from the type-IIB string point of view is comparatively more nontrivial, than in the heterotic theory, due to the presence of extra equations to be satisfied by the background configuration. Later in section 2.3 we also find the corresponding Killing spinors.

2.2 Killing equations

The spinor Killing equations in ten dimensions, when restricted to NS-NS fields, follow from supersymmetry variations, (in string metric) [4, 27, 28]:

δψ_M = ∂_M η + 1 4 ω^{M̂N̂}_M Γ_{M̂N̂} η − 1 8 H^{M̂N̂}_M Γ_{M̂N̂} η^∗ , (2.21)

δλ = (∂_M ϕ^{(10)})γ^M η^∗ − 1 6 H_{MNP} γ^{MNP} η , (2.22) where ψ_M is the ten-dimensional gravitino, λ the dilatino and η ≡ (ϵ_L + iϵ_R) are the supersymmetry parameters. M = 0, . . . , 9 are the general coordinate indices in ten dimensions and M̂, N̂ are the Lorentz indices.

To analyze these equations for our nine-dimensional solution, we now denote the indices (9, 0, 8) by greek indices μ. The corresponding Lorentz indices are denoted by μ̂ etc. The indices, transverse to the string are denoted by m = 1, . . . , 7 and the corresponding Lorentz ones by m̂’s etc. The ten-dimensional lorentzian metric for our purpose is taken to be of the form: η_{M̂N̂} ≡ diag(1, −1, 1, . . . , 1) (with the first entry denoting the coordinate x^9), which implies: η_{μ̂ν̂} = (1, −1, 1) and also η_{m̂n̂} = δ_{m̂n̂}. Taking into account that the backgrounds depend only on transverse coordinates denoted by m’s through radius r, the gravitino supersymmetry variation (2.21) can be written as:

δψ_m = ∂_mη + 1 4 ω^{μ̂ν̂}_m Γ_{μ̂ν̂} η − 1 8 H^{μ̂ν̂}_m Γ_{μ̂ν̂} η^∗, (2.23) δψ_μ = 1 2 ω^{ν̂m̂}_μ Γ_{ν̂m̂}η − 1 4 H^{ν̂m̂}_μ Γ_{ν̂m̂}η^∗ . (2.24)

For the purpose of algebraic manipulations, we find it convenient to write these equations by introducing parameters: g = 1 cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2 ,

a = sinh^{2 α}_2 (e^{−E} − 1) ( cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2

)_2 ,

b = sinh α 2 (e^{−E} − 1) cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2

, (2.25)

and 3 × 3 matrices G_{μν} , B_{μν} and E^{μ̂}_μ , where the metric G and the antisymmetric tensor B can be read from the backgrounds in eqs.(2.18)-(2.20). E is the vielbein correponding to G. In our case these 3 × 3 matrices can be written in terms of 2 × 2 matrices G, B and Ê: G = ( 1 b̂ b̂T G + b̂T b̂ ) B = ( 0 −b̂ b̂T B ) , (2.26)

with b̂ ≡ b(1, 1), a 2-dimensional row-vector. The vielbein E is given by: E = ( 1 0 b̂T Ê ) (2.27)

and satisfies EηE^T = G, whereas Êη̂Ê^T = G, with η̂ being a diagnoal 2 × 2 matrix: diag(−1, 1).

The 2 × 2 matrices G, B and Ê apprearing in eqs. (2.26), (2.27) have explicit forms: G ≡ ( −g + a a a g + a ) , B ≡ ( 0 g − 1 1 − g 0 ) , (2.28) and Ê ≡ 1√ g − a ( g − a 0 −a g ) . (2.29)

Note that G also represents the longitudinal part, or (0,8)-components, of the compactified metric in D-dimensions, as seen directly from eq. (2.15). Similarly B is the antisymmetric tensor in the compactified theory and Ê is the vielbein for the metric G. Using these notations we now start by simplifying the gravitino variation equation for the transverse coordinates, m, namely eq. (2.23).

The spin-connection matrix appearing in the r.h.s. of (2.23) in our case is given by, ω^{μ̂ν̂}_m =^1_2 (E^T G^{−1}E_{,m} − E^T_{,m}G^{−1}E)^{μ̂ν̂} and has a form:

ω^{μ̂ν̂}_m = 1 2 0^{b,m√}_{g−a}^{−b,m√}_{g−a} −b_{,m} √ g−a 0^{−g,m}_g + E_{,m} b_{,m} √ g−a g_{,m} g − E_{,m} 0 . (2.30)

Similarly H^{μ̂ν̂}_m ≡ (E^T G^{−1}B_{,m}G^{−1}E)^{μ̂ν̂} is given by another antisymmetric matrix:

H^{μ̂ν̂}_m = 0^{b,m√}_{g−a}^{−b,m√}_{g−a} −b_{,m} √ g−a 0^{−g,m}_g b_{,m} √ g−a g_{,m} g 0 . (2.31)

Equation (2.23) then implies for δψ_m = 0:

∂_mϵ_L + E_{,m} 4 Γ_{^0^8}ϵ_L = 0 , (2.32)

∂_mϵ_R + 1 4 [( − 2g_{,m} g + E_{,m} ) Γ_{^0^8} + 2b_{,m} √ g − a (Γ_{^9^0} − Γ_{^9^8}) ] ϵ_R = 0 . (2.33)

The variation of the gravitino components ψ_μ, eq. (2.24) can be rewritten as δψ_μ ≡ 1 4 (G^{,m̂}G^{−1}E)^{ν̂}_μΓ_{ν̂m̂}η − 1 4 (B^{,m̂}G^{−1}E)^{ν̂}_μΓ_{ν̂m̂}η^∗ . (2.34)

To simplify this further we write down the matrices appearing in the r.h.s. of this equation:

G_{,m}G^{−1}E = 0^{−b,m√}_{g−a}^{b,m√}_{g−a} b_{,m}^{g,m−a,m−bb,m} √ g−a √ g − a^{g,m}_g −^{g,m−a,m−bb,m} √ g−a b_{,m} −^{a,m√}_{g−a} −^{bb,m√}_{g−a} √ g − a^{g,m}_g +^{a,m+bb,m√}_{g−a} , (2.35)

and

B_{,m}G^{−1}E = 0^{b,m√}_{g−a}^{−b,m√}_{g−a} b_{,m}^{bb,m√}_{g−a} √ g − a^{g,m}_g −^{bb,m√}_{g−a} b_{,m}^{g,m√}_{g−a} +^{bb,m√}_{g−a} √ g − a^{g,m}_g −^{g,m√}_{g−a} −^{bb,m√}_{g−a} . (2.36)

These can be used to show that six equations, δψ_μ = 0, following from the real and imaginary components of (2.34) reduce to only two independent ones with ϵ_L and ϵ_R satisfying the following conditions:

(Γ_{^0m̂} − Γ_{^8m̂}) ϵ_L = 0 , (2.37) ( 2b_{,m} √ g − a Γ_{^9m̂} + (2 g_{,m} g − E_{,m})Γ_{^0m̂} + E_{,m}Γ_{^8m̂} ) ϵ_R = 0 . (2.38)

Finally the Killing equations following from the variation of the dilatino can be written down in the notations introduced above as:

δλ = ∂_mϕ^{(10)}γ^m(ϵ_L − iϵ_R) − 1 2 ( E^T G^{−1}B^{,m̂}G^{−1}E )^_{βγ̂} Γ_{m̂β̂γ̂} (ϵ_L + iϵ_R) = 0 , (2.39)

and using (2.31) gives:

(1 + Γ_{^0^8}) ϵ_L = 0 , (2.40) ( −∂_mϕ^{(10)} + g_{,m} g Γ_{^0^8} − b_{,m} √ g − a Γ_{^9^0} + b_{,m} √ g − a Γ_{^9^8} ) ϵ_R = 0 . (2.41)

The last two expressions can also be written in an alternative form, using (2.25):

(ϵ_L − iϵ_R) = −[Γ_{^0^8} + tanh α 2 e^{E/2}(Γ_{^9^0} − Γ_{^9^8})](ϵ_L + iϵ_R) , (2.42)

which will be useful for discussions later on.

Eqs. (2.32), (2.37) and (2.40) therefore provide complete set of conditions that the Killing spinors ϵ_L have to satisfy. Similarly eqs. (2.33), (2.38) and (2.41) are the conditions to be satisfied by the Killing spinors ϵ_R. We also observe that the equations satisfied by ϵ_L are identical to the one for neutral strings. That is not surprising as the O(d − 1, 1; d − 1, 1) transformation, used to generate solution (2.15) from neutral string solutions, act as identity in this sector.

The derivation of equations satisfied by the spinors also pass several consistency checks. First of these, as mentioned above, was the reduction of six equations in (2.24) into only two in (2.37) and (2.38). Moreover, the dilatino variation equations (2.40) and (2.41) are also equivalent to these. To show this, one simply has to multiply (2.38) by (Γ_{^0} − Γ_{^8}) from left. As a result, one gets a single independent constraint for ϵ_L, and similarly for ϵ_R. The equation involving a derivative on the spinors, (2.32) and (2.33) are also seen to be consistent with these constraint equations. We demonstrate this in section 2.3 by obtaining a solution for ϵ_L and ϵ_R satisying all the equations simultaneously. Moreover in section 2.3 we will also see that the final constraints, (2.38) or (2.41), satisfy certain consistency conditions on the eigen-values of operators appearing in these equations.

2.3 Killing spinors We now present the solution of the Killing equations for spinors ϵ_L and ϵ_R. As already stated, ϵ_L satisfies the same condition as in the neutral case and corresponding solution is also identical:

ϵ_L = e^{E/4}ϵ^0_L , (2.43) where ϵ^0_L is a constant spinor satisfying,

(1 + Γ_{^0^8})ϵ^0_L = 0 . (2.44)

The form of ϵ_R is more nontrivial. This is also obvious from the Killing equations (2.33), (2.38) and (2.41) that they satisfy. We already noticed that the two non-derivative equations (2.38) and (2.41) are in fact identical. As a result one finally has only two equations to solve, namely (2.33) and (2.38). Howerver before starting to solve these, we first show the self-consistency of (2.38) by writing it as: ( −1 + ( 2g_{,m} gE_{,m} − 1 ) Γ_{^0^8} + 2b_{,m} E_{,m} √ g − a Γ_{^9^8} ) ϵ_R = 0 , (2.45)

and after substituting for g and b from equation (2.25) as: ( cosh^{2 α}_2 e^{−E} + sinh^{2 α}_2 cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2

Γ_{^0^8} −

2 sinh^α_2 cosh^α_2 e^{−E/2} cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2

Γ_{^9^8} ) ϵ_R = ϵ_R . (2.46)

A nontrivial check on our algebra in the previous sub-sections, as well as about 1/2 supersymmetry of our solution comes from the fact that the particular combination of matrices appearing in the l.h.s. of the above equation is idempotent, with only eigen-values ±1, as required for the validity of the above equation. This can be checked by squaring the l.h.s. of (2.46).

The derivative equation (2.33) can also be simplified for our backgrounds using (2.25) and (2.41), and can be written as:

∂_E ϵ_R = 1 2 cosh^{2 α}_2 e^{−E} (cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2 ) ϵ_R − 1 4 Γ_{^0^8}ϵ_R , (2.47)

where we have now changed variable from r → E(r).

Now, to present an explicit solution of the Killing equations: (2.46) and (2.47) for ϵ_R we choose a basis for the ten dimensional Dirac (Γ) matrices as in [26]:

Γ_{^0} = iσ_2 ⊗ I_{16} , Γ_{^8} = σ_1 ⊗ I_{16} , Γ_{^9} = σ_3 ⊗ I_{16} . (2.48)

Also, we choose ϵ_R ≡ ϵ̂_R ⊗ χ_0, with χ_0 an unconstrained sixteen-dimensional constant spinor and ϵ̂_R is now a representation of Pauli-matrix algebra. Then the final equations to solve are: [ −I + σ_3 + tanh α 2 e^{E/2}(σ_1 − iσ_2) ] ϵ̂_R = 0 (2.49) and ∂_Eϵ̂_R = 1 2 cosh^{2 α}_2 e^{−E} (cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2 ) ϵ̂_R − 1 4 σ_3ϵ̂_R , (2.50)

where we have now used eq. (2.41) instead of (2.38) or (2.46). The final solution for the Killing spinor is:

ϵ̂_R = 1 √ (cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2 ) ( cosh^α_2 e^{−E/4} sinh^α_2 e^{E/4} ) . (2.51)

This Killing spinor reduces to the one for the neutral sting for α = 0, for which we have

ϵ̂_R → ϵ̂^N_R = e^{E/4} ( 1 0 ) , (2.52)

and implies in our notations:

(1 − Γ_{^0^8})ϵ^N_R = 0 . (2.53)

We have therefore explicitly solved for the Killing spinor and shown that a charged macroscopic string solution given in equation (2.15) is 1/2 supersymmetric. The 1/2 supersymmetry comes from the fact that half the components of ϵ̂_R are related to the remaining ones as given in an explicit form in equation (2.51)

We now show that the supersymmetry conditions (2.46) and the Killing spinors (2.51) for the charged case are related to the neutral ones through a Lorentz boost. For this we parameterize the coefficients of (Γ_{^0^8}, Γ_{^9^8}) in equation (2.46) as (cosh θ, − sinh θ) respectively and note that for ϵ_R in (2.51) satisfying this equation,

ϵ^N_R = ( cosh θ 2 − sinh θ 2 Γ_{^9^0} ) ϵ_R , (2.54)

with

cosh θ 2 = cosh^α_2 e^{−E/2} √ cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2

, sinh θ 2 = sinh^α_2 √ cosh^{2 α}_2 e^{−E} − sinh^{2 α}_2

, (2.55)

reduces to the expression (2.52) and satisfies (2.53), which is also the condition satisfied by the Killing spinor for the neutral strings (α = β = 0). Therefore the 1/2 supersymmetry condition for a charged macroscopic string, namely (2.46), is related to the one for neutral string by the action of a Lorentz boost on the spinor ϵ_R. This is expected, as the solution (2.15) for the charged macroscopic string is also generted from the neutral ones by a Lorentz boost in the right-moving sector. Howerver, we find it interesting to note that the action of this Lorentz transformation on the spinors is governed by a coordinate dependent parameter. Only in the r → ∞ (E → 0) limit, this parameter reduces to the one for a global Lorentz transformation. This is similar to the phase transformation of spinors induced by an SL(2, Z)

S-duality transformation [29]. The transformation of the spinors are coordinate dependent under S-duality tranformations as well, although like O(d − 1, 1; d − 1, 1) transformations, the SL(2)’s are themselves global.

2.4 D < 9 solutions So far we have restricted ourselves to D = 9. Above analysis generalizes to the charged Macroscopic String solutions in D < 9 in a straightforward manner with only minor modifications. Using the KK procedure metioned in section 2.1, we can once again decompactify these solutions to ten dimensions. The resulting ten-dimensional metric now has a block-diagonal form:

Ĝ^{(10)} = I_{9−D} G I_{D−2} , (2.56)

with I_{9−D} representing an identity matrix for all the internal directions ranging from: (x^{D+1}, . . . , x^9) and I_{D−2} represents the tranverse space dimensions of the string in cartesian coordinates. Matrix G in eq. (2.56) is similar to the one in (2.26) and is now defined in a three dimensional space with coordinates (x^D, x^0, x^{D−1}), i.e. by replacing in eq. (2.26) the coordinates (x^9, x^8) by (x^D, x^{D−1}). Also, the explicit form of G is similar to the one in (2.26) except E is now a D − 2 dimensional Green’s function (2.16). Similarly, the antisymmetric tensor is represented by a matrix:

B̂^{(10)} = 0 B 0 . (2.57)

The dilaton remains same as in the D-dimensional theory and is given by the same expression as in (2.20) with E modified as in (2.16).

Due to the block-diagonal form of the backgrounds that we have obtained, the supersymmetry analysis is exactly same as previously in this section. We have therefore shown the 1/2 supersymmetry of the β = 0 solution in dimensions D ≤ 9. In next section, we also work out the supersymmetry of certain α ≠ 0, β ≠ 0 solutions, in order to find a 1/4 supersymmetric network solution of charged macroscopic strings later in section 4.

3. Supersymmetry of α, β ≠ 0 Solutions

In this section we write down the 1/2 supersymmetry conditions for cases: α = −β and α = β in equations (2.1)–(2.9). Here we only write down the supersymmetry conditions which are the analogs of (2.42) given earlier. These conditions will be generalized to a maifestly SL(2, Z)-covariant form later on. Although the full solution of the Killing equations can also be obtained as in the last section, we do not present them here.

3.1 α = −β ≠ 0 solutions

Once again we first discuss the solution in D = 9 and then generalize them to the lower dimensional cases. The solution in D = 9 is now characterized by a metric:

ds^2 = − 1 1 + C cosh^2 α/r^5 dt^2 + 1 1 + C/r^5

(dx^8)^2 + 7∑ i=1 dx^idx^i . (3.1)

The only non-zero component of the antisymmetric tensor is of the form

B_{08} = −

C cosh α 2 [ 1 (r^5 + C) + 1 (r^5 + C cosh^2 α) ] . (3.2)

We also have a nontrivial modulus parametrizing the O(1, 1) matrix M_D in eq. (2.6):

Ĝ_{99} ≡ ĝ = 1 + C cosh^2 α/r^5 1 + C/r^5

. (3.3)

The two gauge fields appearing in equations (2.17) and (2.14) for D = 9 are of the form:

Â1_t = C sinh α cosh α

2(r^5 + C cosh^2 α)

, Â^1_8 = 0 ,

Â2_t = 0 , Â2_8 = −C sinh α 2(r^5 + C)

. (3.4)

The supersymmetry property of the above solution is obtained in the same manner as in section 2.1, after decompactifying the 9-dimensional backgrounds back to ten dimensions. The background fields in ten dimensions for α = −β case are now represented by 3 × 3 matrices analogous to the ones in (2.26):

G = 1+^{C cosh2 α} r5 1+^C_{r5} C r^5 cosh α sinh α (1+^C_{r5} ) 0 C r^5 cosh α sinh α

(1+^C_{r5} ) −

[1−^{C sinh2 α}_{r5} ] (1+^C_{r5} ) 0

0 0^1_{(1+ Cr5 )}

, (3.5)

B = 0 0 −^{C sinh α}_{(r5+c)} 0 0 −^{C cosh α}_{(r5+c)}

C sinh α (r^5+c)

C cosh α (r^5+c) 0

, (3.6)

and ϕ^{(10)} = − ln ( 1 + c r^5 ) . (3.7)

The 1/2 supersymmetry conditions is now obtained from the dilatino variation (2.22), although other equations are expected to give the same answer as well. We once again need to compute the matrix H^{μ̂ν̂}_m , the analog of the one in eq. (2.31).

It now has a form:

H^{μ̂ν̂}_m =

∂_m[1 +^C_{r5} ] (1 +^C_{r5} )^2 × 0 0 −^{sinh α√}_{ĝG88}

0 0^{1√}_{GttG88}^{cosh α(1+ Cr5 )}_{(1+ C cosh2 αr5 )}

sinh α √ ĝG_{88} − 1 √ G_{tt}G_{88} cosh α(1+^C_{r5} )

(1+^{C cosh2 α}_{r5} ) 0

. (3.8)

Then after some algebra, the 1/2 supersymmetry condition is shown to be:

(ϵ_L − iϵ_R) = − cosh α √ 1 +^C_{r5} 1 +^{C cosh2 α}_{r5}

Γ_{^0^8} + sinh α √ 1 +^{C cosh2 α}_{r5}

Γ_{^9^8}

(ϵ_L + iϵ_R) . (3.9)

Once again consistency of this equation is seen by observing that the matrix appearing in the r.h.s. of (3.9) is idempotent.

In the present case the 1/2 supersymmetry of the charged string, as well as that of the corresponding networks that will be discussed in section 4, can be argued in another way as well. As pointed out earlier, the solution generating transformations contain the group of constant coordinate transformations as a subgroup. One can show that α = −β solutions belong to this category. For this we note that the metric and antisymmetric tensors in the ten-dimensional theory, after decompactification, are related to the neutral string solutions as:

G = ΛG_0Λ^T , B = ΛB_0Λ^T , (3.10)

where G_0 and B_0 are the ten-dimensional backgrounds for the netutral strings:

G_0 = 1 −^1_{(1+ Cr5 )} 1 (1+^C_{r5} )

, (3.11)

B_0 =

0 0 0 0 0 −^C_{(r5+C)} 0^C_{(r5+C)}

, (3.12)

and Λ = cosh α sinh α 0 sinh α cosh α 0 0 0 1

. (3.13)

We however like to point out that althought the two solutions are related by the above transformation, they are still physically different in the compactified theory. The generation of charged solutions through decompactification and constant coordinate transformations are known, including for many examples of black holes such as Reissner-Nordstrom from Schwarzschild etc. The transformations (3.10) in our case only points out that many of the classical properties, including supersymmetry are identical in two theories. In next subsection we will write down the 1/2 supersymmetry of the charged macrocopic strings for α = β case. These are inequivalent solutions with respect to the neutral ones even in ten dimensions.

The generalization of the supersymmetry condition (3.9) to D < 9 is once again straightforward and follows a similar path as in section 2.4. As long as the unit vectors n^{(a)} and p^{(a)} in eqs. (2.4), (2.5) are chosen to be along a single internal direction, say x^D, only modification in (3.9) comes in the power of r which is associated with the Green function in the tranverse directions, in addition to replacing (Γ_{^9}, Γ_{^8}) → (Γ_{D̂}, Γ_{D̂−1}). A more interestring case is when we parameterize them by angular variables as n^{(a)} = p^{(a)} ≡ (cosω, sin ω cos ϕ, . . .), in (10 − D)-dimensional internal space. Then Γ_{^9} in eq. (3.9) is replaced by an orthogonal combination of Γ matrices in (10 − D) internal dimensions: Γ_{^9} → Γ_{n̂}. We will exploit this property in an eight-dimensional example in section 4.2 to show the existence of network type solutions.

3.2 α = β solutions In this case the background metric and antisymmetric tensors are identical to the one in (3.1). The modulus field is now given by,

ĝ =

1 + C/r^5 1 + C cosh^2 α/r^5

. (3.14)

Finally the components of the gauge fields are now:

Â1_t = 0 , Â1_8 = C sinh α 2(r^5 + C) , Â2_t = −C sinh α cosh α

2(r^5 + C cosh^2 α)

, Â^2_8 = 0 . (3.15)

The ten-dimensional beackgrounds are now represented as: G = ĝ 0 b̃ 0 −G_{tt} 0 b̃ 0 G_{88} + b̃2/ĝ

, (3.16)

with G_{tt} and G_{88} as in (3.1), and b̃ = C sinhα/(r^5 + C cosh^2 α). Antisymmetric tensor is represented as: B = C (r^5 + C cosh^2 α)

0 − sinh α cosh α 0 sinh α cosh α 0 − cosh α 0 cosh α 0

, (3.17)

and dilaton is given by the expression:

ϕ^{(10)} = − ln ( 1 + C cosh^2 α r^5 ) . (3.18)

The inequivalence of the charged solution with respect to the netutral ones can be seen by observing that the form of the dilaton in eq. (3.18) is now different from that in (3.7). A comparison of ĝ’s in (3.14) and (3.3) implies that α = β solutions are T -dual with respect to α = −β ones. Property of supercharges under T -duality has been studied in [30, 28]. We however obtain the 1/2 supersymmetry condition by directly using the background solutions.

The final form of the supersymmetry condition is now:

(ϵ_L − iϵ_R) = − 1 cosh α √ 1 +^{C cosh2 α}_{r5} 1 +^C_{r5}

Γ_{^0^8} + tanh α √ 1 1 +^C_{r5}

Γ_{^9^0}

(ϵ_L + iϵ_R), (3.19)

and its self-consistency can again be checked by observing that the matrix in the r.h.s. of (3.19) is idempotent.

The extension of this result to D < 9 is again straight-forward. The final result is a replacement of (Γ_{^9}, Γ_{^8}) by (Γ_{D̂}, Γ_{^(D−1)}) respectively, for trivial unit vectors n^{(a)} and p^{(a)}’s pointing only along x^D. At the same time, the power of r is modified in this equation appropriately to r^{D−4}. On the other hand, when n^{(a)} = p^{(a)} represent a general rotated unit-vector in (10 − D)-dimensional internal space, the supersymmetry condition is also modified by replacing Γ_{D̂} by Γ_{n̂}.

We end this section by implementing these changes for the case of (α = β) Charged Macroscopic Strings in D = 8, by defining unit vectors: n^{(2)} = p^{(2)} = (cos ω, sin ω). Then 1/2 supersymmetry condition is:

(ϵ_L − iϵ_R) = − 1 cosh α √ 1 +^{C cosh2 α}_{r4} 1 +^C_{r4}

Γ_{^0^7} + tanh α √ 1 1+^C_{r4}

[cosωΓ_{^9^0} + sinωΓ_{^8^0}] × × (ϵ_L + iϵ_R) . (3.20)

4. SL(2, Z)-Multiplets and network Solutions

4.1 (p, q) charged macroscopic string solutions The SL(2, Z) multiplets of charged macroscopic strings and their supersymmetry properties can be written following [8, 9, 29]. The bosonic backgrounds for a general charged macroscopic string solution is generated in precisely the same manner as in [8] and can be written down using the ten-dimensional solutions that we introduced for our lower dimensional Charged Macroscopic Strings. First, the Einstein metric, defined in ten-dimensions:

G^E_{MN} = e^{−ϕ(10)/4}G^s_{MN} , (4.1) for our (D = 9) examples of sections-2 and 3 take a form:

G^E = e^{−ϕ(10)/4} ( G I_7 ) , (4.2)

with G and ϕ^{(10)}’s given for (i) β = 0 in eqs. (2.18), (2.26) and (2.20), (ii) α = −β in eqs. (3.5) and (3.7) and (iii) α = β in eqs. (3.16) and (3.18) respectively. The Einstein metric defined by (4.2) is invariant under the SL(2, Z) transformation. Only modification in these are in the source terms in the Green function (2.16) to make it SL(2, Z) invariant [8]. Nonzero components of the antisymmetric tensor are given by 3 × 3 matrices:

(B)^{(i)} = (M^{−1}_0 )_{ij} q_j Δ_q^{−1/2}(B) , (4.3) with Δ_q = q_i(M^{−1}_0 )_{ij} q_j. Components (i = 1, 2) in the above equation correspond to the NS-NS and R-R sector fields and (B) is a 3 × 3 matrix given in equations (2.26), (3.6) and (3.17) for cases (i), (ii) and (iii) listed above. The dilaton for the ten-dimensional extension of our (p, q)-string ((p, q) ≡ (q_1, q_2) denoted above) solution is given by the same expression as in eq. (20) of [8], with A_q replaced by e^{−ϕ(10)} ’s coming from equations (2.20), (3.7) and (3.18) in our three examples. We therefore have the SL(2, Z) covariant ten-dimesnional backgrounds for the ten-dimensional extension of our D = 9 Charged Macroscopic String solution. These can be compactified once again to D = 9. The compactification of type-II theories to lower dimensions has has been discussed in many papers [31, 32, 33] and we do not persue it here. The extension of the results to D < 9 solutions is straightforward as well. We now go on to discuss the supersymmetry properties of these generalized solutions.

4.2 Supersymmetry The supersymmetry of a (p, q)-charged macrscopic D ≤ 9 string solutions can be examined from the ten-dimensional point of view, with type-IIB Killing equations as obtained from the supersymmetry variations written in [27, 28]. It can be argued that the supersymmetry conditions that we have written in previous sections will be modified only by a phase factor for general (p, q)-strings. This becomes clear when one writes down the most general variation for the dilatino [28], in presence of both NS-NS and R-R backgrounds generated in section 4.1.

For our purpose, we however follow a path presented in [29] for the case of fourdimensional theories with SL(2, Z)-duality symemtries. This argument has been applied to the case of type-IIB SL(2, Z)-duality as well [9] and uses the fact that Killing spinors transform under SL(2, Z) by a phase. Explicitly for, τ → aτ + b cτ + d (4.4)

one has:

(ϵ_L − iϵ_R) → e^{i2 (cτ +d)}(ϵ_L − iϵ_R) . (4.5) In fact, as pointed out in [29], the transformation property of the spinors given in (4.5) holds for Killing spinors in general, including when they are explicitly dependent on coordinates, such as r in our case. We can now use the above tranformation to generate the supersymmetry condition for a general (p, q)-string starting from that for (1, 0) ones.

We write down these supersymmetry conditions, only at asymptotic infinity, namely in the limit r → ∞. This will be sufficient for our present purpose, following a line of study of string networks concentrating on the asymptotic properties of spinors [9, 10]. Although it is of importance to obtain the full supergravity solutions for the networks and examine complete supersymmetry properties, but we do not address the issue here.

We also note that the above procedure to generate the supersymmetry condition of a (p, q)-string, from (1, 0) ones, applies in Einstein frame whereas our supersymmetry conditions of sections 2 and 3 are written in the string frame. The translation among these frames involve redefinitions of fields written explicitly in Appendix of [28] and involve only dilaton-dependent scaling factors, when one restricts to the analysis of dilatino supersymmetry variation. However since the asymptotic values of the dilaton in all our examples in previous sections turn out to be independent of the parameter α with ϕ → 0 as r → ∞, identical supersymmetry conditions hold in Einstein frame as well. They have explicit forms for D = 9 examples as:

(i) α = −β : (ϵ_L − iϵ_R) = e^{−iΦ(p,q,τ0)} [− cosh αΓ_{^0^8} + sinh αΓ_{^9^8}] (ϵ_L + iϵ_R) , (4.6) (ii) α = β : (ϵ_L − iϵ_R) = −e^{−iΦ(p,q,τ0)} ( 1 cosh α

Γ_{^0^8} + tanh αΓ_{^9^0} ) (ϵ_L + iϵ_R) ,

(4.7) (iii) β = 0, α ≠ 0 : (ϵ_L − iϵ_R) = −e^{−iΦ(p,q,τ0)} [ Γ_{^0^8} + tanh α 2 (Γ_{^9^0} − Γ_{^9^8}) ] (ϵ_L + iϵ_R) , (4.8)

with Φ denoting the phase associated with the complex parameter p + qτ_0 and the subscript of τ denotes its asymptotic value. The value of the phase is once again given by the same expression, as for the neutral string, since the transformations that generate them from the charged (1, 0)-string supersymmetry-condition is identical to the one for the neutral ones in [9].

4.3 Network solutions

To obtain the network solutions, we now start with case (i) above and find out if arbitrary number of (p, q)-strings can be arranged in a manner preserving some supersymmetry. For this we now generalize (4.6) further to accommodate arbitrary orientation of strings in spatial directions. In particular, for the string making an angle θ from x^8 axis in an x^8 − x^7 plane, the supersymmetry condition (4.6) modifies into:

(ϵ_L − iϵ_R) = exp(−iΦ(p, q, τ_0)) [(− cosh αΓ_{^0} + sinh αΓ_{^9})(cos θΓ_{^8} + sin θΓ_{^7})] (ϵ_L+ iϵ_R) . (4.9)

The network solution with 1/4 supersymmetry is then found from the above equation by identifying the internal and space-time orientations of the strings, namely Φ = θ. Moreover since the above condition is solved by spinors satisfying the following conditions:

ϵ_L = −(cosh αΓ_{^0} − sinh αΓ_{^9})Γ_{^8}ϵ_L ,

ϵ_R = (cosh αΓ_{^0} − sinh αΓ_{^9})Γ_{^8}ϵ_R , (4.10) and ϵ_L = −(cosh αΓ_{^0} − sinh αΓ_{^9})Γ_{^7}ϵ_R , (4.11) which are independent of the the orientation θ, we have the possibility of network solution by arranging arbitrarily large number of strings, provided charge conservations hold on every 3-string junctions.

Equations (4.10) and (4.11) are analogous to the supersymmetry conditions for the F and D-strings respectively in our case. We like to point out that for this example, the existence of a network solution is already gauranteed from its existence in the neutral case. This is because of our earlier observation that (α = −β) charged solution is generated from neutral ones by a group of constant coordinate transformation. This property continues to hold even for a (p, q)-charged macroscopic string solution, as the group of constant coordinate transformations commutes with SL(2, Z). Above results can be generalized to the lower dimensional cases by making appropriate replacements already mentioned in section 3.1.

The network solution and its interpretations are more interesting in case (ii), namely for α = β. First, as can be noticed from the supersymmetry condition, eq. (4.7), a solution like case (i) in D = 9 does not exist. This is because, only the first term in the bracket in the r.h.s. of eq. (4.7) can be modified, as in eq. (4.9), to include an orientation-dependence of the string through angle θ. The second term in the bracket, dependent on Γ_{^9^0}, namely the ones representing the internal and time coordinates, remains unchaged under any spatial rotation of string in x^8 − x^7 plane. As a result, solutions like the ones in eqs. (4.10, 4.11) do not work.

To obtain a network solution in this case, with a unique spinor satisfying the (p, q) string supersymmetry condition for their arbitrary orientations, one needs to go down to D ≤ 8. This is done by introducing a parameter associated with rotation in internal space, in addition to the angle θ that the string now makes with x^7 axis in x^7 − x^6 spatial plane. The eight-dimensional supersymmetry conditions, employing internal rotations, was already given in eq. (3.20). A modification of this, for nonzero θ is given as: (ϵ_L − iϵ_R) = −e^{−iΦ} [ 1 cosh α

(cos θΓ_{^0^7} + sin θΓ_{^0^6}) +

+ tanh α(cos ωΓ_{^9^0} + sin ωΓ_{^8^0}) ] (ϵ_L + iϵ_R). (4.12)

To obtain θ-independent spinor-projections we now identify

θ = Φ = ω . (4.13)

This identification allows one to solve eq. (4.13) for ϵ’s which are θ-independent and satisfy projection conditions: − ( 1 cosh α

Γ_{^0^7} + tanh αΓ_{^9^0} ) ϵ_L = ϵ_L , (4.14) ( 1 cosh α

Γ_{^0^7} + tanh αΓ_{^9^0} ) ϵ_R = ϵ_R , (4.15) and − ( 1 cosh α

Γ_{^0^6} + tanh αΓ_{^8^0} ) ϵ_L = ϵ_R . (4.16)

The conditions (4.15) and (4.16) are again the analogs of the F-string and D-string supersymmetry conditions for the charged macroscopic (D = 8) strings considered here. The identifications (4.13) imply a coupling between the U(1) phase coming from S-dualtiy transformation to the one coming from the solution generating transformations. Physically this can be interpreted as implying a relationship between the gauge-charges with (p, q)-charges coming from 2-form fields. It will be interesting to analyze the precise implications of this relationship on the physical properties of the networks.

Finally we comment on the case (i) and other charged macroscopic string solutions. It is now evident that the condition (4.8) is of a form which does not lead to an obvious solution for an orientation independent projection condition. This can be related technically to the fact that in this case one has all three combination of Γ_{μ̂ν̂} matrices (in D = 9) appearing in eq. (4.8), unlike in conditions (i) and (ii) where only two of the three combinations appeared, allowing above solutions. This is the property of other α ≠ 0, β ≠ 0 solutions as well and may be related to the fact that a general left-right asymmetric solution generating transformation acts differently on ϵ_L and ϵ_R and is inconsistent with the conditions of having a network solution, as they require relationships like (4.11) and (4.16) between them.

5. Conclusions

In this paper we have obtained supersymmetry properties of the charged macrscopic strings. We have also shown the existence of a network solution of charged strings. Some of these are completely inquivalent with respect to the network of neutral string solutions.

In the context of network construction, it should be pointed out that our exercise only shows the presence of a unique Killing spinor at asymptotic infinity in the presence of large number of (p, q) strings. We do not present the spinor at arbitrary space-time point. This however requires the knowledge of string network solutions for the full supergravity which is not completely understood even for neutral strings, although progress in this direction has been reported [22]. More precisely, we notice that the Killing spinor has a coordinate-dependence given by a covariant expression for the Green functions, leading to different spatial dependence for every (p, q)-string. It is hoped that the full Killing spinor of a supergravity solution for these networks will be given by a smooth funtion which will properly match on to every string in a network.

It will also be interesting to generalize these to non-planar networks and possibly to find the applications of such networks to four-dimensional gauge theories [20, 21]. Moreover, one can possibly also analyze the possibility of network solutions when strings are compactified on other manifolds like K3 etc. and be able to obtain a realization of various BPS states in string theories in this manner.

Acknowledgments

I would like to thank Sudipta Mukherji for useful collaboration at the intital stage of this work as well as for other fruitful discussions. I am also grateful to M. Alishahiha, I. Antoniadis, A. Dabholkar, C. Kounnas, G. Mandal and specially S. Fawad Hassan and A. Sen for many helpful discussions and comments.

References

[1] A. Dabholkar and J.A. Harvey, Nonrenormalization of the superstring tension, Phys.

Rev. Lett. 63 (1989) 478;

A. Dabholkar, G. Gibbons, J.A. Harvey and F.R. Ruiz, Superstrings and solitons, Nucl. Phys. B 340 (1990) 33.

[2] A. Sen, Macroscopic charged heterotic string, Nucl. Phys. B 388 (1992) 457 [hep-th/9206016].

[3] A. Sen, String string duality conjecture in six-dimensions and charged solitonic strings, Nucl. Phys. B 450 (1995) 103 [hep-th/9504027].

[4] A. Dabholkar, J.P. Gauntlett, J.A. Harvey and D. Waldram, Strings as solitons and black holes as strings, Nucl. Phys. B 474 (1996) 85 [hep-th/9511053].

[5] see for example, J.M. Maldacena, Black holes in string theory, hep-th/9607235 and refereces therein.

[6] C.M. Hull and P.K. Townsend, Unity of superstring dualities, Nucl. Phys. B 438 (1995) 109 [hep-th/9410167];

M.J. Duff, Strong/weak coupling duality from the dual string, Nucl. Phys. B 442 (1995) 47 [hep-th/9501030];

M.J. Duff and R.R. Khuri, Four-dimensional string/string duality, Nucl. Phys. B 411 (1994) 473 [hep-th/9305142];

E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B 443 (1995) 85 [hep-th/9503124];

N. Seiberg, Observations on the moduli space of superconformal field theories, Nucl. Phys. B 303 (1988) 286;

P.S. Aspinwall and D.R. Morrison, String theory on k3 surfaces, hep-th/9404151.

[7] J.A. Harvey and A. Strominger, The heterotic string is a soliton, Nucl. Phys. B 449 (1995) 535 [hep-th/9504047].

[8] J.H. Schwarz, An SL(2, Z) multiplet of type-IIB superstrings, Phys. Lett. B 360 (1995) 13 [hep-th/9508143].

[9] A. Sen, String network, J. High Energy Phys. 03 (1998) 005 [hep-th/9711130].

[10] S. Bhattacharyya, A. Kumar and S. Mukhopadhyay, String network and U-duality, Phys. Rev. Lett. 81 (1998) 754 [hep-th/9801141].

[11] J.H. Schwarz, Lectures on superstring and M-theory dualities, Nucl. Phys. 55B (Proc.

Suppl.) (1997) 1 [hep-th/9607201].

[12] K. Dasgupta and S. Mukhi, BPS nature of 3-string junctions, Phys. Lett. B 423 (1998) 261 [hep-th/9711094].

[13] S.-J. Rey and J.-T. Yee, BPS dynamics of triple (p, q) string junction, Nucl. Phys. B 526 (1998) 229 [hep-th/9711202].

[14] O. Aharony, J. Sonnenschein and S. Yankielowicz, Interactions of strings and D-branes from M-theory, Nucl. Phys. B 474 (1996) 309 [hep-th/9603009]; O. Aharony and A. Hanany, Branes, superpotentials and superconformal fixed points, Nucl. Phys. B 504 (1997) 239 [hep-th/9704170];

O. Aharony, A. Hanany and B. Kol, Webs of (p,q) 5-branes, five dimensional field theories and grid diagrams, J. High Energy Phys. 01 (1998) 002 [hep-th/9710116].

[15] M. Krogh and S. Lee, String network from M-theory, Nucl. Phys. B 516 (1998) 241 [hep-th/9712050];

Y. Matsuo and K. Okuyama, BPS condition of string junction from M-theory, Phys. Lett. B 426 (1998) 294 [hep-th/9712070].

[16] C.G. Callan and L. Thorlacius, Worldsheet dynamics of string junctions, Nucl. Phys.

B 534 (1998) 121 [hep-th/9803097].

[17] S. Mukherji, On the SL(2, Z) covariant world-sheet action with sources, Mod. Phys.

Lett. A 13 (1998) 2819 [hep-th/9805031].

[18] A. Kumar and S. Mukhopadhyay, U-duality and network configurations of branes, Int.

J. Mod. Phys. A 14 (1999) 3253 [hep-th/9806126].

[19] M.R. Gaberdiel and B. Zwiebach, Exceptional groups from open strings, Nucl. Phys.

B 518 (1998) 151 [hep-th/9709013];

M.R. Gaberdiel, T. Hauer and B. Zwiebach, Open string-string junction transitions, Nucl. Phys. B 525 (1998) 117 [hep-th/9801205];

O. DeWolfe and B. Zwiebach, String junctions for arbitrary Lie algebra representations, Nucl. Phys. B 541 (1999) 509 [hep-th/9804210].

[20] O. Bergman, Three-pronged strings and 1/4 BPS states in N = 4 super- Yang-Mills theory, Nucl. Phys. B 525 (1998) 104 [hep-th/9712211];

O. Bergman and A. Fayyazuddin, String junctions and BPS states in seiberg-witten theory, Nucl. Phys. B 531 (1998) 108 [hep-th/9802033];

O. Bergman and B. Kol, String webs and 1/4 BPS monopoles, Nucl. Phys. B 536 (1998) 149 [hep-th/9804160].

[21] K. Hashimoto, H. Hata and N. Sasakura, 3-string junction and BPS saturated solutions in SU(3) supersymmetric Yang-Mills theory, Phys. Lett. B 431 (1998) 303 [hep-th/9803127];

Multi-pronged strings and BPS saturated solutions in SU(N) supersymmetric Yang- Mills theory, Nucl. Phys. B 535 (1998) 83 [hep-th/9804164];

T. Kawano and K. Okuyama, String network and 1/4 BPS states in N = 4 su(n) supersymmetric Yang-Mills theory, Phys. Lett. B 432 (1998) 338 [hep-th/9804139]; K. Lee and P. Yi, Dyons in N = 4 supersymmetric theories and three-pronged strings, Phys. Rev. D 58 (1998) 066005 [hep-th/9804174].

[22] P. Ramadevi, Supergravity solution for three-string junction in m- theory,

hep-th/9906247.

[23] C.G. Callan and J.M. Maldacena, Brane dynamics from the born-infeld action, Nucl.

Phys. B 513 (1998) 198 [hep-th/9708147].

[24] S. Bhattacharyya, A. Kumar and S. Mukhopadhyay, String multiplets from an invariant 2-brane, Phys. Rev. D 59 (1999) 106003 [hep-th/9812081].

[25] A. Sen, Strong-weak coupling duality in four-dimensional string theory, Int. J. Mod.

Phys. A 9 (1994) 3707 [hep-th/9402002].

[26] M. Green, J. Schwarz and E. Witten, Superstring theory, Cambridge University Press, Cambridge 1987, vol. 1, pp. 220 and 288.

[27] J.H. Schwarz, Covariant field equations of chiral N = 2 D = 10 supergravity, Nucl.

Phys. B 226 (1983) 269.

[28] S.F. Hassan, T-duality, space-time spinors and R-R fields in curved backgrounds,

hep-th/9907152.

[29] T. Ortin, SL(2, R) duality covariance of Killing spinors in axion-dilaton black holes, Phys. Rev. D 51 (1995) 790 [hep-th/9404035].

[30] E. Kiritsis, C. Kounnas and D. Lust, A large class of new gravitational and axionic backgrounds for four-dimensional superstrings, Int. J. Mod. Phys. A 9 (1994) 1361 [hep-th/9308124];

E. Bergshoeff, I. Entrop and R. Kallosh, Exact duality in string effective action, Phys. Rev. D 49 (1994) 6663 [hep-th/9401025];

E. Bergshoeff, R. Kallosh and T. Ortin, Duality versus supersymmetry and compactification, Phys. Rev. D 51 (1995) 3009 [hep-th/9410230];

S.F. Hassan, O(d, d : r) deformations of complex structures and extended world sheet supersymmetry, Nucl. Phys. B 454 (1995) 86 [hep-th/9408060]; I. Bakas and K. Sfetsos, T-duality and world sheet supersymmetry, Phys. Lett. B 349 (1995) 448 [hep-th/9502065];

E. Alvarez, L. Alvarez-Gaume and I. Bakas, T-duality and space-time supersymmetry, Nucl. Phys. B 457 (1995) 3 [hep-th/9507112].

[31] E. Bergshoeff, C. Hull and T. Ortin, Duality in the type-II superstring effective action, Nucl. Phys. B 451 (1995) 547 [hep-th/9504081];

H. Lu, C.N. Pope and K.S. Stelle, Weyl group invariance and p-brane multiplets, Nucl. Phys. B 476 (1996) 89 [hep-th/9602140].

[32] E. Cremmer, B. Julia, H. Lu and C.N. Pope, Dualisation of dualities, I, Nucl. Phys.

B 523 (1998) 73 [hep-th/9710119].

[33] J.X. Lu and S. Roy, U-duality p-branes in diverse dimensions, Nucl. Phys. B 538 (1999) 149 [hep-th/9805180].